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Continue on limits of functions
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Excises

Find the following limits:

lim
xÑ1

5x3 ` x

2 ` 1

lim
xÑ3

x ` 2

x

2 ` 1

lim
xÑ0

p1
x

´ 1

x ` 1
q

lim
xÑ0

x

2 cos

ˆ
1

x

˙
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Sandwich Theorem for Functions

Theorem
If f pxq § gpxq § hpxq for all x P Rztx0u and

lim
xÑx0

f pxq “ lim
xÑx0

hpxq “ L,

then lim
xÑx0 gpxq “ L.

.
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Example
Find the limit

lim
xÑ0

x

2 cos

ˆ
1

x

˙
.

Answer: For any x ‰ 0 we have ´1 § cos
`
1
x

˘
§ 1, and hence

´x

2 § x

2 cos
`
1
x

˘
§ x

2. Thus Sandwich Theorem implies
lim

xÑ0 x
2 cos

`
1
x

˘
“ 0.

.
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Limits at infinity of functions

Firstly recall lim
nÑ8 a

n

.

Definition
Let f : R Ñ R be a function. If f pxq gets closer and closer to a real
number L as x gets bigger and bigger, then L is called the limit of
f pxq at positive `8. We write

lim
xÑ`8

f pxq “ L.

x Ñ `8 ùñ f pxq Ñ L.
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Limits at infinity

Similarly definition for the limit at negative infinity ´8, that is

lim
xÑ´8

f pxq.

From this picture we could write

lim
xÑ`8

f pxq “ L and lim
xÑ´8

f pxq “ M .
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Example
Find limits of

lim
nÑ`8

ˆ
1

2

˙
n

, lim
nÑ´8

2n.

In fact we also have

lim
xÑ`8

ˆ
1

2

˙
x

“ 0 lim
xÑ´8

2x “ 0.
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Theorem
If 0 † a † 1 then lim

xÑ`8 a

x “ 0.

If a ° 1 then lim
xÑ´8 a

x “ 0.

.
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Algebraic properties of limits at infinity

If both lim
xÑ`8 f pxq and lim

xÑ`8 gpxq exist (Important condition),
then

lim
xÑ`8

f pxq ` gpxq “ lim
xÑ`8

f pxq ` lim
xÑ`8

gpxq;

lim
xÑ`8

f pxq ´ gpxq “ lim
xÑ`8

f pxq ´ lim
xÑ`8

gpxq;

lim
xÑ`8

f pxqgpxq “ lim
xÑ`8

f pxq lim
xÑ`8

gpxq;

lim
xÑ`8

f pxq
gpxq “ lim

xÑ`8 f pxq
lim

xÑ`8 gpxq , if lim
xÑ`8

gpxq ‰ 0.
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Example

Find lim
xÑ`8 3x2

x

2`x`1
.

lim
xÑ`8

3x2

x

2 ` x ` 1

“ lim
xÑ`8

3

1 ` 1
x

` 1
x

2

“ 3

1 ` 0 ` 0
“ 3.
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Rational polynomials

Example
Let ppxq and qpxq are polynomials that
ppxq “ a

m

x

m ` a

m´1x
m´1 ` . . . ` a1x ` a0 with a

m

‰ 0 and
qpxq “ b

n

x

n ` a

n´1x
n´1 ` . . . ` b1x ` b0 with b

n

‰ 0.Then

lim
xÑ`8

ppxq
qpxq “

$
’&

’%

a

m

b

n

if m “ n

0 if m † n

˘8 if m ° n

.
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Often appeared limits

Theorem
(1) Let ppxq be a polynomial then for any a ° 1 we have

lim
xÑ`8

a

´x

ppxq “ lim
nÑ`8

ppnq
a

n

“

0.

(2) Recall that e :“ lim
nÑ`8p1 ` 1

n

qn. In fact we have

lim
xÑ`8

ˆ
1 ` 1

x

˙
x

“ lim
xÑ´8

ˆ
1 ` 1

x

˙
x

“ e.

(3) We have lim
xÑ0

sin x
x

“ 1. Clearly lim
xÑ`8 sin x

x

“ 0.

Ok, let’s have 10 minutes break!
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